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Magnetic field usually leads to a polarization of electron
spins. It is shown that in a system of strongly interacting par-
ticles applying magnetic field may lead to an opposite effect –
depolarization of electron spins. Results of the work are based
on an exact-diagonalization study of quantum-dot lithium –
a system of three Coulomb interacting two-dimensional elec-
trons in a parabolic confinement potential.
PACS numbers: 73.21.La, 73.21.-b, 71.70.-d
It is well known that, applying a magnetic field to a
system of charged particles (e.g. electrons) results in the
polarization of their spins. Indeed, being placed in a po-
tential box, N electrons occupy the lowest-energy states
(two ones with opposite spins per state), to minimize
their total kinetic energy. The total spin of the system
S will then be small compared to N/2. If the system
is now placed in a magnetic field B, the Zeeman en-
ergy competes with the kinetic energy and favours the
spin alignment along the field. The larger the magnetic
field, the more electron spins flip over, and at sufficiently
strong B the whole system appears to be in the fully
spin-polarized state with S = N/2.
This picture is valid if the inter-particle interaction is
not too strong and can be neglected. In a system of
strongly interacting particles the interaction can polar-
ize the system already in the absence of magnetic field.
An example is a (spin-polarized) Wigner crystal, which
was shown to be the ground state of a system of strongly
interacting electrons on a positive jellium background.1
Electron-electron interaction forces electrons to occupy
higher single-particle energy levels (which reduces the
Coulomb energy at the cost of the kinetic one), and
favours the ground state with a large total spin S ≃ N/2.
Now one can ask, what happens with the system of
strongly interacting particles, already spin-polarized by
the inter-particle interaction, if to place it in a magnetic
field. At first glance one could think that the magnetic
field B = (0, 0, B) will only split the ground state with
S = N/2 onto sublevels with different total-spin projec-
tions Sz = ±N/2,±(N/2− 1), . . .. It turns out however
that there exist situations when the growing magnetic
field reduces the total spin S of the system (i.e. forces
the back spin-flip of some electrons). This unusual ef-
fect is a consequence of a competition of the kinetic,
Coulomb and Zeeman energies and may occur only in
systems of strongly interacting particles. In this paper
we demonstrate the feasibility of this interesting effect by
the example of quantum-dot lithium – a system of three
two-dimensional (2D) electrons in the harmonic oscillator
potential.
Quantum dots2 are ideal physical objects for studying
effects of electron-electron correlations. In these systems,
realizable in modern semiconductor heterostructures, 2D
electrons move in the plane z = 0 in a lateral harmonic
oscillator potential V (r) = m⋆ω20r
2/2, r = (x, y). The
Coulomb interaction parameter in dots
λ =
l0
aB
=
√
e2/aB
h¯ω0
∝
e2
h¯3/2
(1)
is defined as the ratio of the oscillator length l0 =√
h¯/m⋆ω0 to the effective Bohr radius aB of the host
semiconductor (here m⋆ is the electron effective mass,
and ω0 the oscillator frequency). The λ-parameter can
be varied in a wide range, as opposed to natural atoms,
which allows one to study properties of the dots as a func-
tion of the inter-particle interaction strength. Quantum
dots were intensively studied in recent years by a vari-
ety of experimental and theoretical techniques, see e.g.
Refs.2–7 and references therein.
Many-body quantum states of quantum-dot lithium
(N = 3) are characterized by quantum numbers Lz (pro-
jection of the total angular momentum on the z axis), S
and Sz. In zero magnetic field energies of these states
can be written in the form
ELzSSz = h¯ω0FLS(λ), (2)
where FLS are some functions of the interaction param-
eter λ. The functions FLS(λ) have been calculated in
Ref.8 using exact-diagonalization technique (convergency
of the method was studied in detail in8; the accuracy of
results for the energy of levels was shown to be better
than 5 × 10−4% at λ ≤ 10). Levels (2) are degenerate
with respect to |Lz| ≡ L and Sz. In finite magnetic fields
we calculate the energy levels and many-body wave func-
tions, as functions of two dimensionless variables λ and
Ωc = ωc/ω0, by the formulas
ELzSSz
h¯ω0
=
Ωc
2
(
Lz + g
⋆m
⋆
me
Sz
)
+ α2FLS
(
λ
α
)
, (3)
1
ΨB 6=0(r1, . . . , rN ) = ΨB=0(αr1, . . . , αrN ), (4)
α = (1+Ω2c/4)
1/4, which directly follow from the Hamil-
tonian of the dot (here ωc is the cyclotron energy, me is
the free electron mass, and g⋆ is the effective g-factor).
Quantum-dot lithium is an atom, in which strong
Coulomb interaction does lead to a full spin polariza-
tion in the absence of magnetic field.9,8 In the regime of
weak Coulomb interaction (λ < λcrit = 4.343, Ref.
8) its
ground state is partly spin-polarized, (L, S) = (1, 1/2).
At strong interactions (λ > λcrit) the ground state is
fully polarized, with (L, S) = (0, 3/2). In the weak in-
teraction regime λ < λcrit magnetic field dependencies
of the ground state properties were studied in a number
of papers earlier, see Refs.10–13. In the present paper we
report results on the ground state properties of quantum-
dot lithium for a broad range of parameters, including the
regime of strong Coulomb interaction λ > λcrit.
In Figure 1 we show energies of a number of ground-
state levels as a function of B in the weak and strong
interaction regimes (parameters of GaAs quantum dots
were used when necessary). When B increases, the
system oscillates between partly (Sz = 1/2) and fully
(Sz = 3/2) spin-polarized ground states, with the to-
tal angular momentum of the fully polarized states be-
ing multiples of N . Between the fully polarized states
with L = 3, 6, 9, . . ., pairs of partly polarized states
appear, with L = 1 and 2, 4 and 5, 7 and 8, and so
on. If Zeeman splitting is ignored, these partly polarized
states can be the ground states at all magnetic fields.
If Zeeman splitting is included, only fully spin-polarized
ground states with L = N×integer survive at strong B.
Full λ − Ωc diagrams for the ground states of quantum-
dot lithium with different L and Sz are shown in Fig-
ure 2. Similar results for quantum-dot helium (N = 2)
were obtained in Ref.14 (in helium the system oscillates
between the singlet, S = 0, and triplet, S = 1, ground
states with even and odd values of L respectively). In the
weak-interaction regime our results quantitatively agree
with those obtained in Ref.10 (exact-diagonalization tech-
nique) at λ ≈ 2.
A new and interesting feature of the energy spectrum
of quantum-dot lithium is seen in Figure 1c (the regime
of strong Coulomb interaction, λ = 8) at small magnetic
fields. In the strong-interaction regime, λ > λcrit, the
B = 0 ground state is fully spin-polarized and has the
total angular momentum L = 0, while the first excited
state is partly polarized and has the total angular mo-
mentum L = 1. When B increases, the ground state
(0, 3/2) has, mainly, a positive dispersion (∼ Ω2c), due to
the second term in Eq. (3) (the weak negative dispersion
due to the Zeeman term ∼ g⋆m⋆ΩcSz can be ignored be-
cause of the small value of prefactors g⋆m⋆). The first
excited state (1, 1/2) has a strong negative dispersion
due to the first term ∼ ΩcLz/2 (Lz < 0 in the ground
state). These two lowest-energy levels cross each other at
a certain critical magnetic field B = Bcrit(λ). The corre-
sponding dimensionless critical parameter Ωcritc (λ) is of
order 0.1 at λ >∼ 6, Figure 2. Relation between Bcrit and
Ωcritc , for typical parameters of GaAs quantum dots, can
be written in the form
Bcrit(T) ≈ 0.83
Ωcritc (λ)
λ2
, (5)
which gives Bcrit ≃ 1.2 mT at λ ≃ 8. At B >∼ Bcrit the to-
tal spin and its projection are 1/2 and +1/2 in the ground
state, while at B < Bcrit they were 3/2 and +3/2, respec-
tively. The growing magnetic field thus causes a back
spin-flip of one electron in the dot. This somewhat unex-
pected result is a direct consequence of strong Coulomb
interaction in the dot at λ > λcrit. In the weak inter-
action regime λ ≤ λcrit the critical field Bcrit(λ) is zero,
and the effect is absent. The assumption on the purely
parabolic confinement potential in the dot is not essen-
tial for this effect. It should also be seen in three-electron
systems with non-parabolic confinement, if the Coulomb
interaction is sufficiently strong to polarize the system in
the absence of magnetic field. The nature of the LzSSz
states (behaviour of electron and spin densities, as well
as pair-correlation functions) can be understood on the
basis of Eq. (4) and results of Ref.8.
Finally, we briefly discuss B-dependencies of the mag-
netic moment of the dot, µ = −∂EGS/∂B, at zero tem-
perature (EGS is the ground-state energy). Figure 3 ex-
hibits two typical µ(B)-curves, in the weak and strong
Coulomb interaction regimes. The magnetic moment
strongly oscillates as a function of B, in accordance with
the energy curves in Figure 1. At low magnetic fields,
the quantum-dot lithium atom is paramagnetic in the
regime of weak interactions, and mainly diamagnetic in
the regime of strong interactions (except of the region of
the very small fields, where it is paramagnetic due to the
small g⋆Sz contribution to the energy).
To summarize, we have reported results of an exact-
diagonalization study of quantum-dot lithium in finite
magnetic field. In the regime of strong Coulomb inter-
action, which was not treated in the literature so far,
we have found a new and unexpected effect of spin de-
polarization of the quantum-dot lithium atom by weak
magnetic field (the total spin S changes from S = 3/2
to S = 1/2 with the growth of B). The predicted effect
is the case in the regime of strong Coulomb interaction
λ > λcrit = 4.343 and in magnetic fields of order of 1 mT.
It could be observed in capacity-, transport-, and Raman-
spectroscopy experiments on quantum-dot systems.
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FIG. 1. Magnetic field dependencies of the ground state
levels ELzSSz [the curves are labeled as (−Lz, Sz)] in the
regime of weak (a and b), λ = 2, and strong (c), λ = 8,
interactions. Zeeman splitting is ignored in Figures (a) and
(c), and included, with parameters of GaAs dots (g⋆ = −0.44,
m⋆/me = 0.067), in Figure (b).
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FIG. 2. Coulomb interaction – magnetic field diagrams (λ
vs Ωc) for the ground states of quantum-dot lithium, without
(a) and with (b) Zeeman splitting (GaAs parameters are as-
sumed). The areas 0, 1, 2, ... are labeled as (−Lz, Sz). States
with L ≥ 10 are not shown.
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FIG. 3. Magnetic moment (in the Bohr magneton units)
of quantum-dot lithium in the moderate (λ = 3) and strong
(λ = 8) Coulomb-interaction regimes. Zeeman splitting is
included.
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